Abstract-This paper presents an accurate and efficient method for computation of the closest point on parametric curves. This problem is firstly formulated in terms of solution of a polynomial equation expressed in Bernstein basis, and then based on subdivision relying on the convex hull property of Bézier curve and the recursive bintree decomposition on the parameter domain, a novel solution method is proposed. The computation of closest point is shown to be equivalent to the geometrically intuitive intersection of a curve with the parameter line. Finally, by comparing the distances between the test point and the candidate points, the closest point is found. An example illustrates the feasibility of this method.
INTRODUCTION
Projecting a test point onto a parametric curve in order to find the closest point and computing the corresponding parameter values of the projection are two basic problems in computer graphics, geometric modeling and related topics. Both projection and inversion are useful for interactively selecting a curve [1] and curve fitting [2] . For these proposes, it is important to have computational method which is efficient and reliable to find the closest point and the corresponding parameter values on the parametric curves.
Several algorithms which employ some variation of Newton iteration or numerical optimization have been developed to solve these problems. Mortenson [3] employs the Newton-Raphson method to solve the roots of a polynomial equation. Limaiem and Trochu [4] present another approach to compute the projection of a point onto parametric curves. In order to reduce the sensitivity to the choice of initial values, Hu and Wallner [5] develop a second order algorithm for orthogonal projection onto curves and surface.
These above-mentioned methods have been used in CAD applications requiring high accuracy. However, they typically require a good initial value for achieving the convergent result. Generally, such approximations are usually obtained by sampling the curve and comparing distances, but this process cannot provide full assurance that all roots have been found. Ma and Hewitt [6] present an algorithm which can find a good initial value for NURBS curve by subdividing into Bézier curves and making using of the relationship between the test point and the control points of the Bézier curves. Further, Selimoic [7] employs a new exclusion criterion within the subdivision strategy to improve the algorithm for the projection of a point on NURBS curve.
The main objective of this paper is to develop a novel method which can solve the closest point problem and can also provide a good initial value for the Newton-Raphson iteration or other numerical optimization methods to reduce the computation time and improve the stability of the algorithm. The proposed method combines the robust arithmetic for Bernstein-form polynomial with subdivision and minimization, and employs the convex hull property of Bézier curve to eliminate parts of the parameter domain excluding the roots and employs minimization to get the closest point with high accuracy.
II. OUTLINE OF THE ALGORITHM
The basic idea of the algorithm is that the point projection problem on parametric curve is formulated in terms of solution of a polynomial equation c(u)=0 expressed in Bernstein basis. We search the solution by subdividing the curve c(u), recursively. c(u) is the graph of c(u) , represented by a Bézier curve over the u parameter domain.
In each step, we subdivide the curve into two parts at the midpoint of the parameter domain. After each subdivision, we can eliminate the part excluding solutions by analyzing the relationship between the control polygon and the u parameter line. The efficiency of the algorithm substantially relies on the ability to eliminate the parts which do not contain solution.
The subdivision process stops as soon as the computing accuracy is satisfied. We compare the distances between the test point and the candidate points in order to find the closest point, and can also improve its accuracy by using the NewtonRaphson method.
III. MATHEMATICAL MODEL OF THE CLOSEST POINT ON

CURVE
Since NURBS curve can be converted into Bézier curves by matured algorithm. Without losing generality, a parametric curve is represented by Bézier curve as follows,
Where, b i are called the control points of Bézier curve r(u). Let p be a test point and the squared distance function between this point and the Bézier curve r(u) is defined by the following equation,
For the point p, the closest point on the parametric curve r(u) is the nearest root of D u (u)=0 (except the case that the closest point is the end-point of the curve). The partial derivative of the squared distance function with respect to the parameter u can be given by
This high order equation D u (u)=0 can be usually solved by the iteration methods such as Newton-Raphson. However, we have found that this approach exhibits numerical problems in practice. In this paper, in order to avoid the iterative process and the dependency on a good initial value, we make the best of the de Casteljau algorithm and the convex hull property of the Bézier curve to solve this equation. The formulation of the derivative of the curve r(u) with respect to the parameter u is followed by Now, by substituting (1), (4) and (5) into (3), and using the robust arithmetic of the Berstein-form polynomial [8] , D u (u) as shown in (3) can be restated as a Berstein-form polynomial as follows.
Where ， g i is the coefficient of the Bernstein-form polynomial. In order to obtain a more intuitionistic mathematical model of finding the closest point on the parametric curve, the graph of the function c(u) can be represented by a Bézier curve over the u parametric region using the linear precision property of the Bernstein polynomial. The Bézier curve is modeled by the following parameter equation.
Where,
T is the control point of the Bézier curve on the u parameter domain.
From the above derivation, it is concluded that c(u)=0
means that the curve c(u) intersects with the u parametric line, as shown in Fig.1 . Now, the problem of searching the closest point on the parametric curve is transformed into a geometric problem of finding the intersection of the Bézier curve c(u) with the u parametric line.
IV. SEARCHING STRATEGY
Recursive bintree decomposition on the u patameter domain is used to search the proper parameter value corresponding to the closest point, as shown in Fig.2 . The curve c(u) is subdivided into two sub-curves by using the de Casteljau algorithm and the parameter domain is also subdivided simultaneously at its midpoint. For each subdomain, the subdivision process is continued until the computing accuracy is satisfied or it excludes roots. The searching strategy is to eliminate the sub-curves which do not include the solution using the convex hull property of Bézier curve. The convex hull property determines if a subdomain contains roots of the equation c(u)=0. The algorithm checks the signs of the coefficients of the Bernstein-form polynomial c(u) related to each subdomain. If all the coefficients have the uniform sign, the subdomian is marked as one that excludes the solution. In this case, the recursive subdivision stops. Otherwise, we continue this operation of subdivision until the size of the subdomian is less than the computing accuracy tree δ , namely, 
V. ALGORITHM FOR CLOSEST POINT ON CURVE
Now the algorithm based on the recursive bintree decomposition for computing the closest point is summarized as follows.
1) Calculate the Bernstein-form polynomial of the equation D u (u). See (6).
2) Create the Bézier curve by linear precision property of the Bernstein-form polynomial. See (7).
3) Subdivide the parameter domain that contains the closest points possibly into two sub region at its midpoint.
4) Check the sign of the coefficients of the Bernsteinform polynomial related to each sub region to determine whether the region contains the solution or not. If all the coefficients have the uniform sign, the sub region is marked as one excluding the roots, and stop. Or else, the sub region is marked as one including the roots, and go to step 5. 
5) If
VI. EXPERIMENTAL RESULTS
In this section we provide a numerical example to demonstrate how the proposed method works for point projection on a parametric curve shown in Fig.3 .
We select the point "A" as a test point which candidates are (54.23,60.74,0.0) and compute its projection on the curve by using Newton-Raphson method (denoted by the term N-R) and ours, respectively. Our method subdivides directly the parameter domain for searching the proper parameter values corresponding to the closest point without any additional operation. Comparison between the results of two methods is shown in Table 1 . From Table 1 , we can see that the minimum distance of our method is nearly equal to that of the NewtonRaphson method under the same computing accuracy =0.0001. This shows that our method is accurate and effective. Moreover, ours overcomes the disadvantage of the traditional iteration approach which a good initial value is provided beforehand. Due to make best of the de Casteljau algorithm and the convex hull property of Bézier curve, our method is especially suited for the Bézier curve and B-spline curve. 
VII. CONCLUSION
As an alternative to those traditional methods of calculation of closest point, the proposed algorithm transforms abstract algebraic operation of finding the closet point into straightforward operation of intersection between a curve and the parameter domain. Hereby, it avoids the traditional iterative process and the initial estimate on closest point, and is very suitable for the Bézier curve and B-spline curve due to making the best of the de Casteljau algorithm and convex hull property of Bézier curve. 
